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A CHARACTERISATION FOR FINSLER METRICS OF CONSTANT
CURVATURE AND A FINSLERIAN VERSION OF BELTRAMI THEOREM
IOAN BUCATARU AND GEORGETA CRET¸U
Abstract. We define a Weyl-type curvature tensor that provides a characterisation for Finsler
metrics of constant flag curvature. When the Finsler metric reduces to a Riemannian metric, the
Weyl-type curvature tensor reduces to the classical projective Weyl tensor. In the general case,
the Weyl- type curvature tensor differs from the Weyl projective curvature, it is not a projective
invariant, and hence Beltrami Theorem does not work in Finsler geometry. We provide the
relation between the Weyl-type curvature tensors of two projectively related Finsler metrics.
Using this formula we show that a projective deformation preserves the property of having
constant flag curvature if and only if the projective factor is a Hamel function. This way we
provide a Finslerian version of Beltrami Theorem.
1. Introduction
For a Riemannian manifold of dimension greater than or equal to 3, the projective Weyl curva-
ture tensor vanishes if and only if the Riemannian metric has constant sectional curvature. Since
the projective Weyl tensor is a projective invariant, it follows that projective deformations pre-
serve the property of having constant sectional curvature and hence Beltrami Theorem is true in
Riemannian geometry.
In Finsler geometry this theorem is no longer valid due to the nonlinearity of the projective
factor. There are examples of two projectively related Finsler metrics, which do not have, both of
them, constant curvature, [2, 3.9], [11]. In this paper we prove the following Finslerian version of
Beltrami Theorem (Theorem 5.2):
Consider two projectively related Finsler metrics and assume that one of them has constant
curvature. Then, the other Finsler metric has constant curvature if and only if the projective
factor is a Hamel function.
The key ingredient in our work is a Weyl-type curvature tensor that provides in Theorem 4.1,
in dimension greater than or equal to 3, a characterisation for Finsler metrics of constant flag
curvature. We show that in Riemannian geometry the projective factor is always a Hamel function
and hence we provide a Finslerian proof of classical Beltrami Theorem.
For a Finsler manifold, of dimension greater than or equal to 3, we define in (4.1) a Weyl-
type curvature tensor that characterises Finsler metrics of constant flag curvature. The Weyl-type
curvature tensor is inspired by condition D1 of [3, Theorem 4.1] for characterising sprays metrisable
by Finsler metric of constant curvature. This tensor has been used also by Li and Shen [6, (1.3)] to
characterise sprays of isotropic curvature. The Weyl-type curvature tensor extends the Riemannian
projective Weyl curvature tensor and it reduces to the Finslerian projective Weyl curvature tensor
only in the case of constant flag curvature. In the Finslerian context, the class of projective
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deformations is larger than in the Riemannian case and we prove, in Lemma 5.1, that the Weyl-
type curvature tensor is preserved only by those projective deformations that satisfy the Hamel
equation. There are some other proposals for Weyl-type curvature tensors that characterise Finsler
metrics of constant curvature, [1, 9, 12]. For an extensive survey on the projective geometry in the
Riemannian case we refer to [8].
2. A geometric setting for sprays
In this work M represents a differentiable manifold of dimension greater than or equal to 3. We
denote by TM the tangent bundle of M , while T0M = TM \ 0 denotes the tangent bundle with
the zero section removed. Local coordinates on the base manifoldM will be denoted by (xi), while
induced local coordinates on TM or T0M will be denoted by (x
i, yi). On TM there is a canonical
vector field, the Liouville vector field, and a canonical tensor field, the tangent structure, given by
C = yi
∂
∂yi
, J =
∂
∂yi
⊗ dxi.
A vector field S ∈ X (T0M) is called a spray if it is a second order vector field, which means
that JS = C, and positively 2-homogeneous in the fiber coordinates, which means [C, S] = S.
Locally, a spray S ∈ X (T0M) can be represented as
S = yi
∂
∂xi
− 2Gi
∂
∂yi
,(2.1)
where the locally defined functions Gi are positively 2-homogeneous with respect to the fiber
coordinates. A regular curve c : t ∈ I → (xi(t)) ∈ M is called a geodesic of the spray S, given
by formula (2.1), if S ◦ c′ = c′′, which means that it satisfies the system of second order ordinary
differential equations:
d2xi
dt2
+ 2Gi
(
x,
dx
dt
)
= 0.(2.2)
A spray S, given by formula (2.1), is affine if the functions Gi are quadratic in the fiber
coordinates. In other words, Gi(x, y) = γijk(x)y
jyk, where γijk are the coefficients of an affine
connection on the base manifold. For an affine spray, its geodesics, solutions of the system (2.2),
are geodesics of the corresponding affine connection.
In this work, we use the Fro¨licher-Nijenhuis theory of derivations associated to various vector-
valued forms defined on TM or T0M , [5, Chapter 2], to define a geometric setting for studying
sprays and Finsler spaces.
For a given spray S we consider the induced geometric setting consisting of: the horizontal
projector h, the Jacobi endomorphism Φ and the curvature tensor R of the nonlinear connection,
given by
h =
1
2
(Id−[S, J ]) , Φ = (Id−h) ◦ [S, h], R =
1
2
[h, h].(2.3)
Locally, these geometric structures are given by
h =
δ
δxi
⊗ dxi,
δ
δxi
=
∂
∂xi
−
∂Gj
∂yi
∂
∂yj
.
Φ = Rij
∂
∂yi
⊗ dxj , Rij = 2
∂Gi
∂xj
− S
(
∂Gi
∂yj
)
−
∂Gi
∂yk
∂Gk
∂yj
.
R = Rijk
∂
∂yi
⊗ dxj ∧ dxk, Rijk =
δ
δxk
(
∂Gi
∂yj
)
−
δ
δxj
(
∂Gi
∂yk
)
.
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The two curvature tensors, Φ and R, are related by the following formulae
Φ = iSR, 3R = [J,Φ].
For an affine spray S, the components of the Jacobi endomorphism are quadratic in the fiber coor-
dinates, Rij(x, y) = R
i
kjl(x)y
kyl, where Rikjl are the curvature components of the affine connection.
For a spray S and a function L on T0M , consider the following semi-basic 1-form, called the
Euler-Lagrange 1-form,
δSL = LSdJL− dL = dJLSL− 2dhL(2.4)
=
{
S
(
∂L
∂yi
)
−
∂L
∂xi
}
dxi =
{
∂S(L)
∂yi
− 2
δL
δxi
}
dxi.
The function L is called a Lagrangian and a spray S that satisfies the Euler-Lagrange equation
δSL = 0 is called a geodesic spray.
3. Finsler metrics and projective metrizability
In Finsler geometry, the Lagrangian L from the Euler-Lagrange equation δSL = 0 is either a
Finsler metric F or the kinetic energy F 2/2 of a Finsler metric.
Definition 3.1. A Finsler metric is a continuous and positive function F : TM → R that satisfies:
i) F is smooth on T0M ;
ii) F is positively 1-homogeneous in the fiber coordinates;
iii) the Hessian of the energy function
gij =
1
2
∂2F 2
∂yi∂yj
(3.1)
is positive definite.
The homogeneity of the Finsler metric and the Euler Theorem on homogeneous functions implies
that F 2(x, y) = gij(x, y)y
iyj and ∂F
2
∂yi = 2gijy
j. When the metric tensor (3.1) does not depend on
the fiber coordinates, we say that the Finsler metric reduces to a Riemannian metric.
For a Finsler metric F , the regularity condition iii) in the Definition 3.1 assures that there is a
unique spray S satisfying the Euler-Lagrange equation δSF
2 = 0, which in view of formulae (2.4)
is equivalent to dhF
2 = 0. We call S the geodesic spray of the Finsler metric. The geodesics of the
Finsler metric are the geodesics of the corresponding spray S.
A Finsler metric F has scalar flag curvature κ ∈ C∞(T0M) if the Jacobi endomorphism, of its
geodesic spray, or the curvature of the nonlinear connection, are given by
Φ = κ
(
F 2J − FdJF ⊗ C
)
⇐⇒ R =
1
3F
dJ (κF
3) ∧ J −
F
3
dJκ ∧ dJF ⊗ C.(3.2)
Locally, Finsler metrics of scalar flag curvature κ are characterised by the following form of the
Jacobi endomorphism
Rij = κ
(
F 2δij −
1
2
∂F 2
∂yj
yi
)
= κ
(
gslδ
i
j − gsjδ
i
l
)
ysyl.
When the scalar flag curvature κ is a constant, we say that F has constant flag curvature. Finsler
metrics of constant curvature κ are characterised by the following form of the curvature tensor
R = κFdJF ∧ J.(3.3)
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Locally, for such Finsler metrics, the curvature tensor takes the form
Rijl = κ
(
gslδ
i
j − gsjδ
i
l
)
ys.
If S is the geodesic spray of a Riemannian metric then the condition (3.2) reduces to the isotropy
condition Risjl = κ
(
gslδ
i
j − gsjδ
i
l
)
.
Two sprays (or Finsler metrics) are projectively related if their geodesics coincide as oriented
non-parametrised curves. Two sprays S˜ and S are projectively related if and only if there exists a
positively 1-homogeneous function P ∈ C∞(T0M) such that
S˜ = S − 2PC.
A Finsler metric F˜ is projectively related to a spray S if and only if it satisfies the Hamel equation
δSF˜ = 0. In this case, the geodesic spray S˜ of F˜ and S are related by the projective factor
P = S(F˜ )/2F˜ .
There are various characterisations for the projective equivalence of two sprays (Finsler metrics),
the corresponding equations are known as Rapcsa´k equations, [13, §9.2.3]. In the next theorem we
provide new characterisations for the projective metrizability that include the projective factor P .
Theorem 3.2. Consider a spray S and a Finsler metric F˜ . Then the following relations are
equivalent:
PM1) δSF˜ = 0;
PM2) dhF˜ = dJ(PF˜ );
PM3) δSF˜
2 = 2PdJ F˜
2;
PM4) dhdJ F˜
2 = dJP ∧ dJ F˜
2 and SF˜ = 2PF˜ .
Proof. We assume that the relation PM1 is true and hence the spray S is projectively related to
the geodesic spray S˜ of the Finsler metric F˜ . In view of formulae (2.4) we have that δSF˜ = 0 is
equivalent to dJSF˜ = 2dhF˜ . Since S and S˜ are projectively related, the projective factor is given
by P = SF˜/2F˜ . We replace SF˜ = 2PF˜ in the previous equation and obtain dJ(PF˜ ) = dhF˜ ,
which is relation PM2.
If we evaluate both sides of relation PM2 on the spray S we obtain SF˜ = 2PF˜ and hence
4PF˜ 2 = SF˜ 2. Multiplying PM2 by 4F˜ we obtain 2dhF˜
2 = 4F˜ dJ (PF˜ ) = dJ (4PF˜
2) − 2PdJ F˜
2
and hence 2dhF˜
2 = dJ(SF˜
2) − 2PdJ F˜
2. Again using formulae (2.4), last formula can be written
as δSF˜
2 = 2PdJ F˜
2, which is relation PM3.
We start with relation PM3 that is equivalent to 2dhF˜
2 = dJ(SF˜
2)− 2PdJ F˜
2. We apply dJ to
both sides of this relation, use the commutation [dh, dJ ] = 0 and d
2
J = 0 and hence we obtain the
first relation PM4. If we evaluate the semi-basic 1-forms from both sides of relation PM3 on the
spray S we obtain SF˜ 2 = 4PF˜ 2, which gives the second relation PM4.
Finally, we prove that the two relations PM4 imply the projective metrizability condition PM1.
From first relation PM4 we obtain
iSdhdJ F˜
2 = iS(dJP ∧ dJ F˜
2).
We use the commutation formula iSdh = −dhiS + LhS + i[h,S] [5, Appendix A] and the fact that
J ◦ [h, S] = −v to obtain
−2dhF˜
2 + LSdJ F˜
2 − dvF˜
2 = PdJ F˜
2 − 2F˜ 2dJP.
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We reformulate this formula in terms of the Finsler metric F˜ and use the second relation PM4 to
replace the projective factor P and to obtain
2SF˜dJ F˜ + 2F˜LSdJ F˜ − 2F˜ dF˜ − 2F˜ dhF˜ = SF˜dJ F˜ − 2F˜
2dJ
(
SF˜
2F˜
)
.
We divide both sides of the above formula by 2F˜ and therefore
LSdJ F˜ − dF˜ = dhF˜ −
SF˜
2F˜
dJ F˜ − F˜ dJ
(
SF˜
2F˜
)
.
Using formulae (2.4), the left hand side of the above relation represents the semi-basic 1-form δSF˜ .
The right hand side can be written as dhF˜ −
1
2dJSF˜ = −
1
2δSF˜ . Therefore, last formula implies
δSF˜ = −
1
2δSF˜ and hence we proved that the Hamel condition PM1 is satisfied. 
Proposition 3.3. Consider two projectively related Finsler metrics F and F˜ , with the projective
factor P . If R is the curvature tensor of the Finsler metric F then
dRdJ F˜
2 = dhdJP ∧ dJ F˜
2.(3.4)
If the Finsler metric F has constant curvature then
dhdJP ∧ dJ F˜
2 = 0.(3.5)
If both Finsler metrics are reducible to Riemannian metrics and F has constant curvature then the
projective factor satisfies
dhdJP = 0.(3.6)
Proof. Using the definition of the curvature tensor, last formula (2.3), we have dR =
1
2d[h,h] = d
2
h.
If we apply dh of both sides of first formula PM4 from Theorem 3.2, we obtain that formula (3.4)
is true.
If the Finsler metric F has constant curvature then the curvature tensor R is given by formula
(3.3). Using this, we have that
dRdJ F˜
2 = dκFdJF∧JdJ F˜
2 = κFdJF ∧ dJdJ F˜
2 = 0,
and hence formula (3.4) implies formula (3.5).
If both Finsler metrics F˜ and F are reducible to Riemannian metrics, then their geodesic sprays
are quadratic and hence the projective factor P is linear in the fiber coordinates. Assume that
P (x, y) = ai(x)y
i. It follows that dJP = ai(x)dx
i is a basic 1-form and hence
dhdJP = aijdx
i ∧ dxj , aij =
1
2
(
∂aj
∂xi
−
∂ai
∂xj
)
.
If F has constant curvature then formula (3.5) is satisfied. If the Riemannian metric F˜ has the
expression F˜ 2(x, y) = g˜kl(x)y
kyl then formula (3.5) can be written as follows∑
i,j,k cyclic
aij(x)g˜kl(x)y
l = 0.
The linearity in y of the above formula implies∑
i,j,k cyclic
aij(x)g˜kl(x) = 0.
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We multiply last formula by g˜ls and obtain
aijδ
s
k + akiδ
s
j + ajkδ
s
i = 0.
In this formula we make the contraction s = k and therefore aij = 0, which gives the desired
conclusion, dhdJP = 0. 
4. Weyl-type curvature tensor and Finsler metrics of constant curvature
In Riemannian geometry, a metric has constant sectional curvature if and only if the projective
Weyl curvature tensor vanishes. Since the projective Weyl tensor is a projective invariant it follows
that projective deformations between Riemannian metrics preserve the property of having constant
curvature, and this result is known as Beltrami Theorem.
In Finsler geometry, the projective Weyl tensor, which is a projective invariant, characterises
the metrics of scalar (not-necessarily constant) flag curvature, [10, Lemma 8.2.2]. There have been
several proposals for a Weyl-type curvature tensors, of (1, 3)-type, that characterise Finsler metrics
of constant flag curvature, [1, 9, 12], none of them being invariant under projective deformations.
In this section, we define yet another Weyl-type curvature tensor, of (1, 1)-type, that charac-
terises Finsler metrics of constant curvature in Theorem 4.1. The Weyl-type curvature tensor
coincides with the projective Weyl tensor if and only if the Finsler metric has constant curvature
and it reduces to the classical projective Weyl tensor in the Riemannian context.
Consider S a spray with Jacobi endomorphism Φ. Inspired by [3], we define the Weyl-type
curvature tensor
W0 = Φ−
1
n− 1
(TrΦ)J +
1
2(n− 1)
dJ (TrΦ)⊗ C.(4.1)
This tensor has been used in [6, (1.20)] to characterise sprays with scalar curvature that does not
depend on fiber coordinates. Locally, the Weyl-type curvature tensor is given by
W0 = W
i
0j
∂
∂yi
⊗ dxj , W i0j = R
i
j −
1
n− 1
Rllδ
i
j +
1
2(n− 1)
∂Rll
∂yj
yi.(4.2)
The Weyl-type curvature tensor is traceless, Tr(W0) =W
i
0i = 0, and satisfiesW0(S) = W
i
0jy
j ∂
∂yi =
0, for any spray S.
If the spray S is affine, the Weyl-type curvature tensor (4.1) is quadratic in the fiber coordinates
and can be expressed as follows:
W0 =W
i
jkl(x)y
jyl
∂
∂yi
⊗ dxk,(4.3)
where W ijkl is the classical projective Weyl tensor
W ijkl = R
i
jkl −
1
n− 1
(
Ricjlδ
i
k −Ricjkδ
i
l
)
,(4.4)
and Ricij = R
l
ilj is the Ricci tensor. Formula (4.3) shows that in the Riemannian context one can
recover the projective Weyl tensor from the Weyl-type tensor (4.1).
The classical Weyl tensor in Finsler geometry, which is a projective invariant, characterises
Finsler metrics of scalar flag curvature, [7, Theorem 26.1], and it is given by:
W ij = R
i
j −
1
n− 1
Rllδ
i
j −
1
n+ 1
∂
∂ym
(
Rmj −
1
n− 1
Rllδ
m
j
)
yi.(4.5)
Next theorem provides a characterisation for Finsler metrics of constant curvature using the Weyl-
type curvature tensor (4.1).
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Theorem 4.1. For a Finsler metric the following conditions are equivalent:
i) The Finsler metric has constant flag curvature.
ii) The Weyl-type curvature tensor (4.1) vanishes.
iii) The Finsler metric has scalar flag curvature and the Weyl tensors (4.2) and (4.5) coincide.
Proof. For the implication i) =⇒ ii), we assume that the Finsler metric F has constant flag
curvature κ. Therefore, the Jacobi endomorphism is given by formula (3.2), with κ constant. It
follows that TrΦ = (n − 1)κF 2, dJ (TrΦ) = 2(n − 1)κFdJF and hence the Weyl-type curvature
tensor (4.1) vanishes.
For the implication ii) =⇒ i), we assume that the Weyl-type curvature tensor (4.1) vanishes,
which means that the Jacobi endomorphism is given by
Φ =
1
n− 1
(TrΦ)J −
1
2(n− 1)
dJ (TrΦ)⊗ C.(4.6)
Consider S the geodesic spray of the Finsler metric F , which means that it satisfies dhF
2 = 0.
Using second formula (2.3) we obtain dΦF
2 = 0. In the last formula, we use the expression (4.6)
of the Jacobi endomorphism to get
(TrΦ) dJF
2 − F 2dJ (TrΦ) = 0.(4.7)
If Φ = 0, which is equivalent to TrΦ = 0, we have that κ = 0. Assume now that TrΦ 6= 0.
One can reformulate formula (4.7) as follows:
dJF
2
F 2
=
dJ (TrΦ)
TrΦ
.
Therefore, the Jacobi endomorphism (4.6) can be written as
Φ =
1
n− 1
TrΦ
(
J −
dJ (TrΦ)
2TrΦ
⊗ C
)
=
TrΦ
(n− 1)F 2
(
F 2J − FdJF ⊗ C
)
.
If we consider the function
κ =
TrΦ
(n− 1)F 2
,(4.8)
the Jacobi endomorphism Φ is given by formula (3.2). Using formula (4.7), it follows that the
function κ, defined by formula (4.8), satisfies dJκ = 0. Therefore κ is constant along the fibers
of the tangent bundle and, in view of the Finslerian version of the Schur Lemma [7, Proposition
26.1], we obtain that κ is constant and hence the Finsler metric has constant flag curvature.
We prove now the equivalence of the two conditions i) and iii). The Weyl tensors (4.2) and
(4.5) coincide if and only if
1
2(n− 1)
∂Rll
∂yj
yi =
−1
n+ 1
(
∂Rmj
∂ym
−
1
n− 1
∂Rll
∂yj
)
yi,
which is equivalent to
1
2
∂Rll
∂yj
yi = −
∂Rmj
∂ym
yi.(4.9)
We assume now that the Finsler metric has scalar flag curvature, which means that the Jacobi
endomorphism is given by formula (3.2). Therefore, we have Rmj = κF
2δmj −
κ
2
∂F 2
∂yj y
m and Rll =
(n− 1)κF 2. For the left hand side of formula (4.9), we have
∂Rll
∂yj
= (n− 1)
∂κ
∂yj
F 2 + (n− 1)κ
∂F 2
∂yj
.(4.10)
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Using the homogeneity of the terms, we have for the right side of formula (4.9):
∂Rmj
∂ym
=
∂κ
∂yj
F 2 − (n− 1)
κ
2
∂F 2
∂yj
.(4.11)
Using formulae (4.10) and (4.11) we have that (4.9) is true if and only if ∂κ∂yj = 0, which, in view of
the Finslerian version of the Schur Lemma [7, Proposition 26.1], it means that the Finsler metric
has constant flag curvature. 
If the Finslerian metric reduces to a Riemannian metric then Theorem 4.1 reduces to the fol-
lowing characterisation of Riemannian metrics of constant curvature.
Corollary 4.2. A Riemannian metric has constant sectional curvature if and only if the Weyl-type
curvature tensor (4.1) vanishes.
Proof. For an affine spray, the Weyl-type curvature tensor (4.1) is given by formula (4.3). There-
fore, if for a Riemannian metric g, the Weyl-type curvature tensor (4.1) vanishes, then the tensor
(4.3) vanishes as well. Since W0, in formula (4.3), is quadratic in the fiber coordinates, then
W0 = 0 implies W
i
jkl +W
i
lkj = 0, the skew-symmetry in first and third covariant indices. Using
this symmetry and the properties of the projective Weyl tensor (skew-symmetry in the last two
covariant indices and algebraic Bianchi identity) we obtain
0 = W ijkl +W
i
ljk +W
i
klj = W
i
jkl −W
i
lkj −W
i
jlk = 3W
i
jkl.
Consequently, the projective Weyl tensor (4.4) vanishes, which means that the Riemannian curva-
ture tensor is given by
Rijkl =
1
n− 1
(
δikRicjl − δ
i
lRicjk
)
,
which is equivalent to
Rijkl =
1
n− 1
(gikRicjl − gilRicjk) .
The symmetry of the curvature tensor Rijkl = Rklij implies the Ricci tensor Ricij and the metric
tensor gij are proportional, say Ricij = (n− 1)κgij. Therefore, the curvature tensor is given by
Rijkl = κ
(
δikgjl − δ
i
lgjk
)
,
which in view of Schur Lemma we have that κ is constant and hence the Riemannian metric has
constant curvature κ. 
Formula (4.8) shows how to recover the scalar curvature of a Finsler metric from the fact that
the Weyl-type tensor (4.1) vanishes. In the Riemannian context, formula (4.8) reduces to
κ =
Ricijy
iyj
(n− 1)gijyiyj
=
Ricij
(n− 1)gij
,
which is true due to the fact that the vanishing of the projective Weyl tensor (4.4) implies Ricij =
(n− 1)κgij.
A FINSLERIAN VERSION OF BELTRAMI THEOREM 9
5. A Finslerian version and a Finslerian proof of classical Beltrami Theorem
Although the Weyl-type curvature tensor (4.1) is not a projective invariant, we find the class
of projective deformations that preserve Weyl-type curvature tensors and therefore we obtain the
class of projective deformations in Lemma 5.1, which makes Beltrami Theorem work in Finslerian
setting, see Theorem 5.2.
Lemma 5.1. The corresponding Weyl-type curvature tensors of two projectively related sprays S
and S˜ = S − 2PC are related by
W˜0 =W0 −
3
2
δSP ⊗ C.(5.1)
Proof. For two projectively related sprays S and S˜ = S − 2PC, the corresponding Jacobi endo-
morphisms are related by the following formula [4, (4.8)]:
Φ˜ = Φ + (P 2 − SP )J − (PdJP + dJSP − 3dhP )⊗ C.
This implies Tr Φ˜ = TrΦ + (n − 1)(P 2 − SP ). Using these formulae, the Weyl-type curvature
tensor (4.1) of the spray S˜ can be written as follows:
W˜0 = Φ + (P
2 − SP )J − (PdJP + dJSP − 3dhP )⊗ C
−
1
n− 1
(TrΦ) J − (P 2 − SP )J +
1
2(n− 1)
dJ (TrΦ)⊗ C +
1
2
dJ (P
2 − SP )⊗ C
= W0 −
3
2
(dJSP − 2dhP )⊗ C,
and hence formula (5.1) is true. 
We can formulate the following version of Beltrami Theorem in Finsler geometry.
Theorem 5.2. (Finslerian version of Beltrami Theorem) Consider two projectively related Finsler
metrics F and F˜ . If one of the Finsler metrics has constant curvature then the other one has
also constant curvature if and only if the projective factor P satisfies either one of the following
equivalent Hamel conditions:
i) δSP = 0,
ii) dhdJP = 0.
Proof. For two projectively related Finsler metrics F and F˜ , we consider the corresponding Weyl-
type curvature tensors W0 and W˜0, which are related by formula (5.1). Using Theorem 4.1 it
follows that one of the two Finsler metrics has constant curvature if and only if the corresponding
Weyl-type curvature tensor vanishes. Now, using formula (5.1) the other Weyl-type curvature
tensor vanishes, and hence the other Finsler metric has constant curvature, if and only if δSP = 0.
It remains to prove the equivalence of the two conditions δSP = 0 and dhdJP = 0. From
formula (2.4) we have δSP = dJLSP − 2dhP and hence dJδSP = −2dJdhP = 2dhdJP . Therefore
δSP = 0 implies dhdJP = 0.
For the converse we assume dhdJP = 0. Using the commutation formula for the two derivations
iS and dh, see [5, Appendix A], we have
iSdhdJP = −dhiSdJP + LhSdJP + i[h,S]dJP
= −dhP + LSdJP − dvP = δSP.
In the above formula we did use that P is a 1-homogeneous function and hence iSdJP = dJSP =
C(P ) = P , hS = S and J ◦ [h, S] = −v. 
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A function P , positively 1-homogeneous in the fiber coordinates that satisfies one of the two
equivalent conditions i) or ii) of Theorem 5.2 is called a Hamel function.
If one of the Finsler metrics in Theorem 5.2 is the Euclidean one then we obtain the following
characterisation for projectively flat Finsler metrics of constant flag curvature.
Corollary 5.3. A projectively flat Finsler metric F has constant curvature if and only if the
projective factor P satisfies either one of the following equivalent Hamel conditions:
i) δS0P = 0,
ii) dh0dJP = 0,
where S0 is the flat spray and h0 the corresponding horizontal projector.
Corollary 5.3 corresponds to [6, Theorem 1.2].
According to Proposition 3.3, in Riemannian geometry, the Hamel condition (3.6) means that
for the linear projective factor P , the basic 1-form dJP is closed. We can use these aspects and
Theorem 5.2 to provide a Finslerian proof of classical Beltrami Theorem.
Theorem 5.4. (Beltrami Theorem) Consider two projectively related Finsler metrics F and F˜ ,
each of them being reducible to a Riemannian metric. Then, F has constant curvature if and only
if F˜ has constant curvature.
Proof. The only think we have to prove is that the projective factor P satisfies the condition
dhdJP = 0 of Theorem 5.2. It follows from the fact that P is linear in the fiber coordinates and
satisfies formula (3.6) of Proposition 3.3. 
6. Examples
In this section we use some examples to test the Hamel conditions i) and ii) of Theorem 5.2 for
the projective factor of two projectively related Finsler metrics.
6.1. Projectively flat Finsler metric of non-constant curvature. We provide now an ex-
ample of a projectively flat Finsler metric, which does not have constant curvature. In view of
Theorem 5.2 this can be explained by the fact that the projective factor does not satisfy the Hamel
equation δS0P = 0. We consider the following Numata metric, [2, §3.9], on the unit Euclidean ball
Bn(1):
F (x, y) = |y|+ 〈x, y〉.
The metric written above is a projectively flat Finsler metric, whose geodesic spray is given by:
S = S0 −
|y|2yi
|y|+ 〈x, y〉
∂
∂yi
,
where S0 is the flat spray, the geodesic spray of the Euclidean metric.
The projective factor is given by
P =
S0(F )
2F
=
1
2
|y|2
|y|+ 〈x, y〉
.
By a direct computation we have
δS0P =
{
|y|2
2F 3
∂
∂xi
(
|x|2|y|2 − 〈x, y〉2
)}
dxi 6= 0.
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Since S0 is the flat spray and the projective factor does not satisfy the Hamel equation δS0P = 0,
it follows by Theorem 5.2 that the Numata metric does not have constant curvature. This can be
checked independently, since its scalar flag curvature is given by
κ(x, y) =
3
4
|y|4
(|y|+ 〈x, y〉)
4 .
6.2. Projectively flat Finsler metric of constant curvature. In this example, we consider a
projectively flat Finsler metric F with the projective factor satisfying the Hamel equation δS0P = 0.
Using the Finslerian version of Beltrami Theorem 5.2 it follows that the Finsler metric F has
constant curvature.
The Funk function on the Euclidean ball Bn(1/2), [10, §2.3],
F (x, y) =
√
(1 − 4|x|2)|y|2 + 4〈x, y〉2
1− 4|x|2
+ 2
〈x, y〉
1− 4|x|2
is a Finsler metric, projectively related to the Euclidean metric. Its geodesic spray is given by
S = S0 − 2PC,
where S0 is the flat spray. The projective factor P is given by
P =
S0(F )
2F
= F.
Recall that F is projectively flat, therefore it satisfy the Hamel equation δS0F = 0. It follows that
the projective factor P = F satisfies also the equation δS0P = 0 and due to the Finslerian version
of Beltrami Theorem 5.2 it follows that the Finsler metric F has constant curvature. One can
independently check that the Finsler metric F has constant flag curvature κ = −1.
6.3. Projectively related Finsler metrics with linear projective factor. In this example
we consider two projectively related Finsler metric with a linear projective factor P . If the first
Finsler metric has constant curvature, then the obstruction for the second Finsler metric to be of
constant curvature reduces to the fact that the basic 1-form dJP is closed.
It is known that the Funk metric F , on the Euclidean unit ball Bn(1),
F (x, y) =
√
|y|2 − (|x|2|y|2 − 〈x, y〉2)
1− |x|2
+
〈x, y〉
1− |x|2
,
is a projectively flat Finsler metric of constant flag curvature κ = − 14 with the geodesic spray:
S = yi
∂
∂xi
− F (x, y)yi
∂
∂yi
.
From [11, Example 5.3], we know that for any constant vector a ∈ Rn, |a| < 1, the function
F˜ (x, y) =
√
|y|2 − (|x|2|y|2 − 〈x, y〉2)
1− |x|2
+
〈x, y〉
1− |x|2
+
〈a, y〉
1 + 〈a, x〉
is a projective Finsler metric on Bn(1).
The two Finsler metrics F and F˜ are projectively related with the projective factor linear in
the fiber coordinates:
P =
S(F˜ )
2F˜
= −
1
2
〈a, y〉
1 + 〈a, x〉
.
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It follows that the basic 1-form dJP is exact,
dJP = −
1
2
aidx
i
1 + 〈a, x〉
= d
(
ln(1 + 〈a, x〉)−1/2
)
.
Therefore, the obstruction ii) for the projective factor P in Theorem 5.2 is satisfied and hence the
Finsler metric F˜ has constant curvature as well. This can be checked directly, the flag curvature
of F˜ is κ˜ = −1.
Acknowledgments. We express our thanks to Vladimir Matveev, Zhongmin Shen and Jo´zsef
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